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The feasibility of normal mode constraints on higher

degree structures

Michael H. Ritzwoller and Joseph S. Resovsky
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Abstract. Case studies of four multiplets (v,-sensitive
157 and 153 and vp-sensitive 555 and 55%) are consid-
ered to test the accuracy of normal mode constraints on
aspherical structure at degrees above 2 (4,6.8). Analy-
ses of misfit, along-branch consisténcy, and consistency
with existing mantle models argue for the feasibility of
constraints on higher structural degrees. Preliminary
interpretation indicates a relative insensitivity of data
misfits to dinv,/dinv, at degrees 6 and 8 in the lower
mantle (perhaps due to inaccuracies in current v, mod-
els), and provides weak evidence of some decorrelation
between dv, and Sv, in the middle and lower mantle,

1. Introduction

Constraints on aspherical structure resulting from
analyses of the Earth’s normal modes have tradition-
ally only been placed at the longest wavelengths, at
spherical harmonic degrees 2 and 4 (e.g., Giardini et
al., 1988; Ritzwoller et al., 1988; Li ef al., 1991; Widmer
and Masters, 1992). The growth in the Global Seismic
Network and other global networks (e.g., GEOSCOPE,
MEDNET) together with the occurrence of the large
events of 1994 (especially the Northern Bolivian event
on 6/9/94}) have greatly improved the normal mode
data set and hold promise for estimating structures pre-
viously unconstrained by normal modes. The purpose
of this paper is to assess the current ability to esti-
mate constraints on Farth structures at degrees above
2 by counsidering case studies of four well excited mul-
tiplets: the v -sensitive multiplets 1 S; and | S5 and the
vp-sensitive multiplets 555 and 555. These case stud-
ies are a small part of a systematic study of mantle-
sensitive multipiets to be reported elsewhere.

The method of normal mode analysis employed here
is called ‘spectral fitting’ (e.g., Ritzwoller et al., 1988)
and is described by Resovsky and Ritzwoller (1995) in
this issue. Here, spectra for a given multiplet k = (n,1)
are iteratively fit with self-coupled regressions to esti-
mate ‘structure’ or ‘interaction coefficients’, xc!, which
are linearly related to aspherical structure at spher-
ical harmonic degree s and azimuthal order t. As
summaries of aspherical structure, structure coefficients
provide tests of existing aspherical models {e.g., Ritz-
woller and Lavely, 1995} and have been used as data
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in structural inversions (e.g., Woodhouse and Dziewon-
ski, 1989; Woodward and Masters, 1991; Masters et al.,
1992; Ritzwoller and Wahr, 1994).

(Juantitative assessment of the accuracy of structure
coeflicients is difficult since standard error analyses ap-
plied to normal mode regressions yield questionable un-
certainty estimates (e.g., Ritzwoller ef al., 1988). In an
attempt {o provide a qualitative assessment of strue-
ture coefficients above degree 2, we (1) compare the
estimated coefficients with those predicted by two re-
cent mantle models (SH.10c.17 of Masters et al., 1992
and S12.WM13 of Su et al., 1994}, (2) discuss the con-
sistency of the estimated coefficients for multiplets that
sample the Earth similarly, and (3) investigate how the
inclusion of higher degrees affects data misfits.

2. Estimation of Higher Degree
Structure Coefficients

Although spectral fitting now is being applied sys-
tematically to many mantle-sensitive modes, we will
discuss here application to only four multipiets: {95,
18%, 555 and 555, Data sets used in each regression are
taylored to the characteristics of each multiplet. The
taylored data sets differ substantially for the ;$ and
58 branches. The ;.5 multiplets are vertically polarized
and reside in the shadow of nearby fundamental modes,
so that only vertical recordings from deep events (e.g.,
Fiji (3/9/94), Northern Bolivia) are used in order to
inbibit fundamental mode amplitudes and, hence, in-
terference with the ;8 regressions. By contrast, 15¢
and 1S53 are well excited on both vertical and horizontal
components and are isolated from all interfering multi-
plets. This results in larger data sets for the 1.5 modes,
but we concentrate here on vertical recordings to opti-
mize the signal-to-noise ratio. [203 recordings from 16
events {203, 16) for ; Sy, (221, 17} for 1 5%, (106, 5) for
5835, (120, 7) for 55;). Each regression starts with all
estimated coefficients at zero; that is, at PREM.

The existence of fundamental modes near to the 55
modes as well as 3.5; adjacent to 555, complicate the 58
regressions. This type of interference is the rule rather
than the exception, and data and synthetic regressions
indicate clearly that accurate estimation of higher de-
gree coefficients requires that interfering modes be mod-
eled in the regression. In the 5§ regressions, nearby
spheroidal and toroidal fundamental synthetics coupled
through the Coriolis force and aspherical structure from
S12.WM13 are computed and removed from the spec-
trum (()S]S for 555, 0821 and ngg for 55@), but the
degenerate frequency and Q of each of the fundamen-
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Figure 1. Splitting functions at degrees 2, 4, 6, and 8 for (55 and 3 8;. Observed: (a) and (b), Predicted: ()
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tal fmodes are estimated, For sy, the degenerate fre-
gueney, . and the degree 2 stracture coelicients of
_157 are also estimaded, bl mgher degree cocflicients
are fixed nt those |l|l.l't'i.l1-'l| by S12 WALLE. For each
of the 5 amd 5 multiplets, structure cosfhcients at
even structural degrees s = 204, 6,8 are estimated.
Estimated degenerats Feguencies (mHz) and s are
[1.65433, 437) for 157, (179795, 443) for | 5., (2. 70361,
579 for 55, mad (3001136, 588] for 4 Sy, with appeoxi-
mate uncertaintics of =0 0pHz £20).

Estimated splitting functions for two example mnl-
tiplets, 157 aod 55, are shown in Figore L Space
[rIl:r]li.hirr- ]i..-\-I'J-|I|.'|' porifleient eatlimales. Tllr' '|:||-:rr.- of thie
integral kerneds in Figuee 1 illustrate the dominant sen-
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ey 0 the mbdddle maptle. A predicted splitting fanetion
for each mnltiplet in Figuree 1 & also shown, comipated
from the mancle mode] that fits the observations hest:
mode] 512 WM13 for 57 and ouodel SH.10e. 17 for 55,

3. Assessment of Higher Degree
Structure Coefficients

Assessment of the accuracy of the estimated cocti-
cionts follows the three sbegs ot lined 1 Section 1.

3.1 Comparison with Exiating Models

Mewdis] |.lr|'-:|:.|'l||:|:|.- e ploy .-frm-,,_.-'.-fru.--,_ = .53 in the
bower mantle aud dine, fdine, = L8 in the upper man
tle. The lower maotle vy, ;@ vy relatiouship is consis-
tent with the arguments of Li of ol (1901) and the
MPCT mantle value 5 copsastent with the nohprmonie
ero-pressnre value, dingfdine, 5 taken from inversions
that fit the geoid [Ritzwoller and Walie, 1994} 0.5 m
the [LRHIEE S mantle, 005 in the lower mantle, The cliokee
of these values over conventional waloes of 025040
rhl’l‘.ﬂl[!,hﬂlﬂ thie maintle las Hrrle mnpact opn the com-
patbed coefficlents and po affect on the mferences drawn

Sen=itivity kernels are shown at left as a function of depth in the mantle (thick solid

here. N Lrpagraphy 18 placed on the transition zone
bonwdaries nor on the CALR, Addivion of copograply on
these bhoundanes from Ricgwolber and Wahe 11994 ) has
Boih S12_WAILS
aH. 1017 possess topography on the crustal bonad
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coreflicients predicted from the two models,
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Table 1a. Clonsistency with Model Predictions {; 87)
correlation  correlation cotrelation TmsIabtio

s E:H E:S H:S E/H E/S

Table 1b. Consistency with Model Predictions {555)
correlation correlation correlafion rtms-ratio

E:H E:8 H:S E/H E/S

770.97 (90.8%) 0.80 (98.3%) 0.04 (99.4%) 1.18 1.30
4 0.85 (99.8%) 0.67 (97.4%) 0.37 {T1.5%) 1.53 1.22
8 0.47 (91.1%) 0.48 (91.3%) 0.51 (94.2%) 0.92 1.29
8 0.59 (98.7%) 0.11 (31.4%) 0.08 (24.1%) 1.37 1.69

Estimates (E), Harvard (H) model 312.WM13, Scripps (3) model
SH.10c.17. Confidence levels in parentheses.

Figures 2a and 2b display estimated structure coefii-
cients and uncertainties with model predictions for .97
and 555. Uncertainties are estimated using the method
described by Ritzwoller et al. (1988) in which relative
coefficient uncertainties are estimated with a standard
error analysis and are then scaled so that when they are
added to the estimated coefficients a preseribed pertur-
bation in the misfit is achieved. Coeflicients number-
ing is such that 1,2,3,4,5,...,25 + 1 should be inter-
preted as cJ, Recl, Imel, Rec?, Imc?, ..., Rect, Ime?,
where s denotes the degree of structure. These figures
reveal a fairly good agreement between the observed
and predicted coeflicients, and also display the level of
disagreement between predictions from the two mantle
models. Coefficients are generally fit better in phase
than in amplitude. Significant discrepancies between
estimated and predicted coefficients are apparent, but
are rare when predictions from the two models agree
well. (Counterexamples are Recj and Rec] for 157.)
Generally, a large discrepancy with one model is not
apparent with the other model (e.g., ;S7: Imej, Rec?,
Ime§, cf, Recd; 586: oI, Rec}, Rec?, Imef, etc.).

Table 1 summarizes the fits between different sets of
coefficients in terms of degree dependent correlations
and rms-ratios. A rms-ratiois defined as the root-mean-
square (rms) of a set of coefficients divided by the rms
of another set of coefficients. S12_-WM13 fits 157 bet-
ter than SH.10c.17, but SH.10¢.17 fits 555 better than
S12.WM13. With a single exception (s = 6 for | S7),
the observed coeflicients correlate better with one or the
other model than the two models correlate with one an-
other. If the correlations between the coefficients pre-
dicted from these two models indicates uncertainties in
the predicted coeflicients, the observed:predicted corre-
lations are probably as high as possible. The rms-ratios
reveal that the estimated coeflicients are somewhat en-
riched at shorter wavelengths relative to both models
and that the coeflicients predicted from S12.WML3 are
generally larger than those from SH.10c.17.

3.2 Along-Branch Cousistency

Within certain ranges the sensitivity kernels of these
multiplets to aspherical structure change smoothly along
dispersion branches. Thus, the structure coefficients
themselves are likely to change smoothly along each
branch. Confidence levels of correlations between 157
and 153 are >99.9% (s = 2,4}, 77.9% (s = 6), 99.2%
(s = 8) and between ;55 and 5S; are >99.9% (s = 2),
99.6% (s = 4), 90.0% (s = 6), 83.8% (s = 8). The
relatively low correlations of 585 with ;S apparent at
degrees 6 and 8 may indicate errors in the 555 coef
ficients due to inaccurately modeling the interference
from 3.8;. This test is weakened by the fact that low

]

T 0.07 (00.8%) 0.88 (97.8%) 0.00 (98.7%) 0.56 0.8%
4 0.75 (98.8%) 0.83 (99.5%) 0.68 (97.0%) 0.74 1.15
6 0.66 (98.9%) 0.63 (98.2%) 0.35 (78.1%) 1.59 1.80
8 0.43 (91.3%) 0.78 (99.9%) 0.64 (99.4%) 1.32 1.69

See Table la caption.

correlations do not necessarily indicate errors in the co-
efficients. For example, the correlation of the 555 and
595 coeflicients predicted from the model SH.10¢.17 at
s = 8 is anly 0.43. This resuits when the values of the
coefficients represent a balance between competing con-
tributions in the upper and lower mantles. The integral
kernels of 55 and 584 are sufficiently different to affect
this balance, Therefore, high along-branch consistency
lends support to the accuracy of the estimates, but low
along-branch consistency, in itself, does not timply that
the coefficient estimates are inaccurate.

3.3 Analysis of Misfit

Figures 3a and 3b display average misfits for 55 and
157 for both the estimaied and predicted coefficients
(from the model that best fits each multiplet). Average
misfits for the estimated coefficients are quite low. Am-
plitude errors less than 5% and phase errors less than
5% are common for these well excited multiplets.

We represent misfit quantitatively for a given record-
ing with rms-residual-ratios. The residual is the differ-
ence between the observed spectrum and the spectrum
predicted from a set of structure coefficients. The rms-
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Figure 3. Examples of data misfit for ;8¢ and ;55.
(a) 55s. At left: data amplitude and phase (bold solid
lines) and synthetic amplitude and phase for the esti-
mated degree 2 - 8 coefficients (thin solid lines) and
those computed frotn SH.10c.17 (dashed Lnes}.” Ob-
served and predicted amplitudes are indistinguishable
at this scale. At right: histograms summarizing the
rms-residual-ratios for the 100 highest signal-to-noise
recordings, represented as the number of recordings in
each 0.3 misfit increment bin. Average rms-residual-
ratios are displayed. (b) The same as (a) but for ;.S;
and the use of S12_WM13.
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residual-ratio is the ratio of the rms of the residual di-
vided by the rms of the data in the fitting window. To
represent average misfit, we have chosen the 100 high-
est signal-to-noise recordings for each multiplet. The
average misfit defined in this way for ;5 is 0.19 and
for 157 is (.24, Misfits for 555 and 155 are similar to
555 and 197, respectively. Since the 55 modes are bet-
ter excited by the Northern Bolivian event than the {5
modes, the average misfit is worse for the 1§ modes.
The inclusion of higher degree coefficients plays a sub-
stantial role in the data fit. The degree dependence of
the RMS-residual-ratios for the estimated coeflicients
is as follows: 5S5: 0.85 (s=0, RH-model}, 0.41 {s=2},
0.33 (s=4), 0.28 (s=6), 0.19 (s=8); 1 57: 0.81 (s=0, RH-
model), 0.40 {(s=2), 0.33 (s=4), 0.31 (s=26), 0.24 (s=8).

Histograms displaying the distribution of misfits for
the 100 high signal-to-noise recordings in terms of the
number of records per 0.1 misfit bin are also shown
in Figures 3a and 3b. For example, 25 of the 100
recordings for ;5 have an rms-residual-ratio between
0.0 and 9.1, 35 are between 0.1 and 0.2, and so forth.
Misfits from model predictions are considerably worse
than from the estimated coefiicients. (0.39 for 584 with
SH.10c.17 and 0.38 for | S7 with SH.WM13.) Although,
as described above, the agreement between the observed
and predicted coeflicients is quite good, the differences
affect misfit appreciably and should be taken seriously.

4. Discussion and Conclusions

From the evidence presented in Section 3, there are
strong reasons to be optimistic about the estimation
of normal mode structure coefficients at degrees 4, 6,
8 for isolated multiplets. These conclusions are borne
out by analyzing a number of multiplets in addition to
those considered here. The high correlations with ex-
isting models summarized in Table 1 are particularly
compelling, but improvement in misfit afforded by the
estimated coefficients over predicted coefficients indi-
cates that discrepancies should be taken seriousty. On
a cautionary note, experience with both data and syn-
thetic regressions clearly indicates that the estimation
of higher degrees requires interfering modes to be mod-
eled in the regression.’

Because the estimated coefficients fit the data signif-
icantly better than model predictions, it is likely that
they comprise new information about §v, and dv, struc-
tures in the middle and lower mantle. Preliminary ex-
periments to estimate dinv,/dinv, in the lower man-
tle imply that the 55 degree 6 and 8 coefficients are
consistent with the reduced ratio of 0.5 espoused by
Li et al. (1991}, but are also consistent with the an-
harmonic zero-pressure value of 0.8. This insensitiv-
ity may result from currest inaccuracies in the man-
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tle models at degrees 6 and 8. That current fv, mod-
els fit the v.-sensitive {9 modes somewhat better than
the wp-sensitive 55 modes may be evidence for a weak
decorrelation of dvy and Svp, in the lower mantle, but
may simply arise from the greater sensitivity of the 58
modes to smaller mid-mantle structures,

Acknowledgments. We are grateful to X.-D. Li, W.-
J. Su and P. Lognonne for insightful reviews. We would like
to thank the following individuals for supplying data: D.
Agnew at UCSD (IDA), P. Davis at UCSD (IRIS/IDA},
G. Roult at [PG (GEOSCOPE), R. Woodward at ASL
{IRIS/GSN), and T. Ahern and colleagues at the IRIS DMC.
A. Bowles, M. James, L. Ratnikova, and 5. Smith performed
data preprocessing. D. Harvey and D. Quinlan supplied data
management support.

References

Giardini, D., X.-D. Li and J. B. Woodhouse, The splitting
functions of long period normal modes of the Earth, J.
Geophys. Res., 93, 13,716-13,742, 1988,

Li, X.D., Giardini, D., and Woodhouse, J.H., The relative
amplitudes of mantle heterogeneity in P velocity, 5 ve-
locity, and density from free-oscillation data, Geophys. J.
Init., 105, 649-657, 1991,

Masters, G., Bolton, H., and Shearer, P., Large-scale 3-
dimensional structure of the mantle, BQS, Trans. Am.
Geophys. Un., T3, 201, 1992,

Resovsky, 1.8, and M.H. Ritzwoller, Constraining odd-
degree earth strueture with coupled free oscillation over-
tones, Geophys. Res. Lells., this issue, 1995,

Ritzwoller, M. H., G. Masters and ¥. Gilbert, Constraining
aspherical structure with low harmonic degree interaction
coefficients: Application to uncoupled multiplets, J. Geo-
phys. Res., 93 , 6269-6396, 1988.

Ritzwoller, M.H. and E.M, Lavely, Three dimensional seis-
mic models of the Earth’s mantle, Revs. Geophys., 33,
1-66, 1995.

Ritzwoller, M.H. and J. Wahr, Geodynamically consistent
seismic inversion for mantle structure and internal bound-
ary topography, 1994 Fall AGU Meeting, EO5 Trans. Am,
Geophys. Un., 75, 663, 1994

Su, W.-J., Woodward, R.L., and Dziewonski, A. M., Degree-
12 model of shear velocity heterogeneity in the mantle, J.
Geophys. Res., 99, 6945-6981, 1994,

Widmer, R. and G. Masters, Observably split multiplets —
data analysis and interpretation in terms of large-scale as-
pherical structure, Geophys. J. Int., 111, 553-576, 1992.

Woodward, R.L. and G. Masters, Upper mantle structure
from long-period differential travel times and free oscilla-
tion data, Geophys. J. Ini., 109, 275-293, 1991.

Woodhouse, J. H. and A. M. Dziewonski, Seismic mod-
elling of the Earth’s large-scale three-dimensional struc-
ture, Phil. Trans. R. Soc. Lond. A, 328, 291-308, 1989,

M. H. Ritewoller and J. S. Resovsky, Department of
Physics, University of Colorado, Campus Box 390,
Boulder, CO 80309-0390.

(received March 8, 1995; accepted May 3, 1995.)



